Abstract. We investigate class field towers of number fields obtained as fixed fields of modular representations of the absolute Galois group of the rational numbers. First, for each k ∈ {12, 16, 18, 20, 22, 26}, we give explicit rational primes ℓ such that the fixed field of the mod-ℓ representation attached to the unique normalized cusp eigenforms of weight k on SL 2 (Z) has an infinite class field tower. Under a conjecture of Hardy and Littlewood, we further prove that there exist infinitely many such primes for each k (in the above list). Second, given a non-CM curve E/Q, we show that there exists an integer M E such that the fixed field of the representation attached to the n-division points of E has an infinite class field tower for a set of integers n of density one among integers coprime to M E .
Introduction
Most current examples of number fields known to have an infinite (Hilbert) class field tower are constructed "from the bottom up," e.g., by beginning with a fixed number field and constructing extensions of that number field in which a large number of primes ramify. If sufficiently many primes ramify, invoking results from genus theory and one of many variants of the Golod-Shafarevich inequality is enough to prove the class field tower infinite. We investigate instead class field towers of number fields obtained "from the top down," i.e., as fixed fields of representations of the absolute Galois group Gal(Q/Q) and prove that many naturally occurring fields of arithmetic interest have infinite Hilbert class field towers. In the process, we prove also prove, assuming a conjecture of Hardy-Littlewood, that there are infinitely cyclotomic fields of prime conductor with infinite Hilbert class field towers.
We consider two primary sources for these representations. First, we consider Galois representations arising from modular forms. For any k ∈ {12, 16, 18, 20, 22, 26}, it is well-known that there exists a unique normalized cuspidal Hecke eigenform ∆ k on SL 2 (Z) of weight k with integer Fourier coefficients. For each such form and rational prime ℓ, we consider the fixed field of the associated mod-ℓ representation ρ ∆ k ,ℓ . We find explicit examples of primes ℓ such that each of these fixed fields have an infinite class field tower. The key new idea is to use certain auxiliary cubic fields introduced by Daniel Shanks (see [12] ). Using these auxiliary fields and a refined Golod-Shafarevich type inequality of R. Schoof (see [8] ) we show that, for suitable primes ℓ, the fixed fields of the mod-ℓ representations alluded to earlier have an infinite Hilbert class field tower. Moreover, assuming a well-known conjecture of Hardy and Littlewood on prime values of quadratic polynomials, we prove the existence of infinitely many such ℓ (see Theorem 2.3 and Corollary 2.4). Further, the fields arising from these mod-ℓ representations have Galois groups containing SL 2 (Z/ℓ) and are ramified at a single finite prime (in contrast to the number fields shown to have an infinite class field tower via genus theory). As a consequence, we also show that the conjecture of Hardy and Littlewood implies the existence of infinitely many primes ℓ such that the cyclotomic fields Q(ζ ℓ ) have infinite Hilbert class field towers.
For the second construction, let E/Q be an elliptic curve without complex multiplication. For any n ≥ 1, the absolute Galois group Gal(Q/Q) acts on the n-torsion points E[n](Q) ∼ = (Z/nZ)
2 of E. The fixed field K n of the kernel of the associated representation ρ n : Gal(Q/Q) → GL 2 (Z/n) is of significant arithmetic interest. In Theorem 3.1, we give an elementary proof that for almost all integers n coprime to a fixed integer A E (almost all here means outside a set of density zero), the field K n has an infinite class field tower. Further, known information about these fixed fields can be translated into information about the fields arising in these towers. Finally, we note that the construction can be made fairly explicit-in Remark 3.2, we give a specific example of an elliptic curve and an integer n provided by the result.
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Infinite Class Field Towers from Hecke Eigenforms
For each even integer k with 12 ≤ k ≤ 26 and k = 14, 24, there exists a unique normalized cuspidal Hecke eigenform on SL 2 (Z) of weight k, which we denote here by ∆ k . The theorem of Deligne-Serre provides for each ∆ k and prime ℓ a Galois representation ρ ∆ k ,ℓ : Gal(Q/Q) → GL 2 (F ℓ ) which is unramified outside ℓ. This representation is the reduction modulo ℓ of the ℓ-adic representation associated to ∆ k . Let K ∆ k ,ℓ be the fixed field of the representation. By a well-known result of Serre and Swinnerton-Dyer (see [11] ), for any ∆ k and sufficiently large prime ℓ, the Galois group Gal(K ∆ k ,ℓ /Q) is the subgroup 
This is a field which is unramified outside ℓ and has (F * ℓ ) k−1 as its Galois group over Q. If (k − 1, ℓ − 1) = 1, then the Galois group has order ℓ − 1 and the extension is unramified outside ℓ. By class field theory, such an extension corresponds to a suitable quotient of Z * ℓ . The only quotient of this group of order ℓ − 1 is the quotient by the subgroup of Z * ℓ consisting of ℓ-adic units congruent to 1 mod ℓ, and thus the determinantal fixed field is Q(ζ ℓ ). Since any extension of a field with an infinite class field tower itself has an infinite class field tower (a variant of this easy lemma is proved in the middle of the proof of Theorem 3.1), we have proven the following: Theorem 2.1. Let k ∈ {12, 16, 18, 20, 22, 26}, and let ℓ be a prime such that:
• ℓ is not exceptional for ∆ k ;
• Q(ζ ℓ ) has an infinite class field tower.
, and K ∆ k ,ℓ has an infinite class field tower.
We now turn to searching for primes which satisfy the hypotheses of the theorem. As a first example, we note that the prime ℓ = 877 satisfies the conditions of the theorem for the Ramanujan form ∆ 12 . Namely, we have that gcd(12−1, 877−1) = 1 and that ℓ = 877 is not an exceptional prime for ∆ 12 , so ρ ∆ 12 ,877 is surjective. Moreover, it is shown in [8] that Q(ζ 877 ) has an infinite Hilbert class field tower. Theorem 2.1 then gives that K ∆ 12 ,877 has an infinite class field tower.
What principally remains to do is to generalize Schoof's argument to produce a large class of primes ℓ such that Q(ζ ℓ ) has an infinite class field tower. We do this below, and show that if we assume the conjecture of Hardy and Littlewood presented below, the set of such primes is in fact infinite. The conjecture arose from their famous "circle method," and should be viewed as the quadratic analogue of Dirichlet's Theorem on primes in arithmetic (i.e., "linear") progressions.
• the quantities a + b and c are not both even;
then h(x) represents infinitely many prime values.
We now show that the conjecture implies the existence of infinitely many cyclotomic fields of prime conductor with an infinite class field tower. In contrast, most techniques used to construct infinite class field towers (note in particular Remark 3.2) provide fields with highly composite conductors. Thus, assuming the conjecture, there are infinitely many values of k for which m 2 + 3m + 9 =: ℓ is prime. For the remainder of the proof, we restrict to such k, m, and ℓ. In this case, the splitting field F m of f m (x) is one of Shanks' "simplest cubic fields," a totally real cyclic cubic field of prime conductor ℓ (see [12] ). Thus F m is the unique cubic subfield of Q(ζ ℓ ). Now note that since m ≡ 2 mod 12, we have ℓ ≡ 7 mod 12. Since ℓ ≡ 1 mod 6, there is a unique sextic subfield of Q(ζ ℓ ), which we denote by L m . Further, 6 ∤
m , giving the following diagram of fields: m , a sufficient condition for L ′ m to have an infinite class field tower is that that the number ρ of ramified primes in this extension satisfies
Since L ′ m is totally imaginary and F
m is totally real, Dirichlet's Unit theorem easily calculates the right-hand side of this inequality to be 3 + 3h + 2 √ 3h + 1. Now we count ramified primes: First, all 3h infinite places of F m above ℓ. In sum, this gives ρ = 4h, and we find that the equality is satisfied whenever h ≥ 18. Using that h → ∞ as m → ∞ (see [12] ), we now get infinitely many m such that L ′ m has an infinite class field tower. Note that F Proof. It is easy to verify that primes ℓ of the form m 2 + 3m + 9 are never congruent to 1 mod (k −1) for each k in the list, so (ℓ−1, k −1) = 1 for any ℓ constructed by the theorem. Avoiding the finitely many primes in the table given before Theorem 2.1 for which the representation is not surjective, the remaining primes constructed in Theorem 2.3 satisfy all of the hypotheses of Theorem 2.1.
Remark 2.5. Hardy and Littlewood also provide an asymptotic version of their conjecture (see again [5] ). Applied to the polynomial h(k) used in the proof, the number P h (x) of primes less than x which are represented by h(k) = 144k 2 +84k +19 satisfies
where we have used SAGE to approximate the constant by including the terms in the product for all primes p ≤ 10 7 . This thus also provides an asymptotic lower bound for the number of primes ℓ ≤ x such that Q(ζ ℓ ) has an infinite class field tower.
Finally, we remark that setting m = 12k + 2 in the proof of Theorem 2.1 was overly restrictive on our choice of m, designed only to ensure that ℓ ≡ 7 mod 12. This can be equally well achieved by insisting that m ≡ 2, 7, 10, or 11 mod 12. Searching Shanks' Table 1 for such values of m giving h ≥ 18 provides the first few examples of Q(ζ ℓ ) provided by the proof: ℓ ∈ {2659, 3547, 5119, 8563, . . .}. Note that for each of these specific values of ℓ, Theorem 2.1 is proved unconditionally, the Hardy-Littlewood conjecture being used only to guarantee that there are infinitely many primes in this list.
Infinite Class Field Towers from non-CM Elliptic Curves
A second class of fields of arithmetic interest we discuss are the fixed fields of representations attached to elliptic curves. Let E be an elliptic curve without complex multiplication. Let ρ n : Gal(Q/Q) → GL 2 (Z/n) be the Galois representation associated to the n-torsion points of E. Let A E be the product of all the exceptional primes of E, the finite set of primes ℓ such that ρ ℓ is not surjective. Then for all n relatively prime to M E := 30A E , the representation ρ n is surjective, and hence Gal(K n /Q) ∼ = GL 2 (Z/n) (see [10, 9, 6] ). We note that this set of primes, and hence the constants A E and M E , have been studied extensively. In particular, we note that explicit bounds on these constants are known [1, Theorem A.1 and Theorem 2]), and M E = 30 for almost all elliptic curves (see Remark 3.3). For a number field F , let F (m) denote the m-step in the Hilbert class field tower over F .
Theorem 3.1. Let E/Q be an elliptic curve without complex multiplication, and let ρ n , K n , A E , and M E be as in the preceding paragraph. Let S be the set of integers prime to M E . Then for all n ∈ S outside a subset of density zero, the field K n has an infinite Hilbert class field tower. Furthermore, for such n, there is a natural surjection of class groups Cl(K
Proof. For n prime to M E , the representation ρ n is surjective, and so Image(ρ n ) ∼ = Gal(K n /Q) ∼ = GL 2 (Z/n). The fixed field of the kernel of the composite representation Gal(Q/Q) → (Z/n) * arising from the exact sequence
is the n-th cyclotomic field Q(ζ n ), and so we have an inclusion of fields Q ⊂ Q(ζ n ) ⊂ K n . By a result of Shparlinski (see [13] ), the set of n coprime to M E for which Q(ζ n ) has an infinite class field tower has density one in the set of integers coprime to M E . For the remainder of the proof, n will denote such an integer. We claim that the fields Q(ζ n ) (m) and K n are linearly disjoint extensions of Q(ζ n ) for all m ≥ 1. Let H n,m denote their intersection. Consider the lattice diagram of fields:
is a Galois extension with solvable Galois group (being constructed via a series of abelian extensions), so is H n,m /Q(ζ n ). But Gal(K n /Q) ∼ = SL 2 (Z/n) is perfect for (n, 30) = 1 (see [9] ), and so has no non-trivial solvable quotients. Thus Gal(H n,m /Q(ζ n )) is trivial and the two fields are linearly disjoint. Let L n,m be the compositum K n Q(ζ n ) (m) , giving the following diagram for each m ≥ 1.
is an unramified solvable extension of L n,0 = K n , and hence is contained in the Hilbert class field tower over K n . Since the degrees of L n,m go to infinity with m, we see that K n has an infinite class field tower, as desired. Finally, L m,n is an unramified extension of K n with Gal(L m,n /K n ) solvable of derived length ≤ m, so is contained in the maximal such extension K (m) n . The restriction map on Galois groups
corresponds by class field theory to the desired surjection Cl(K
Remark 3.2. The density result of Shparlinski used in the proof is based on an explicit construction due to Furuta (see [4] , Theorem 4). Namely, we can find explicit examples of the n described in the theorem by choosing a rational prime ℓ and taking n to be a product of nine or more rational primes congruent to 1 mod ℓ and prime to M E . The field K n then has an infinite ℓ-class field tower. For example, consider the elliptic curve E : y 2 + y = x 3 − x of conductor 37. By [10, 5.5.6 , Page 310] we find that A E = 1 and so M E = 30. We take n to be the product of the first nine primes which are congruent to 1 mod 5:
Then K n has an infinite Hilbert 5-class field tower and is unramified outside primes dividing 37n.
Remark 3.3. The constant A E in Serre's Theorem has been studied extensively. In [3] it was shown that almost all elliptic curves over Q have Serre constant A E = 1 (and thus M E = 30). Thus for almost all elliptic curves over Q and almost all integers n with (n, 30) = 1, the field K n has an infinite class field tower.
Finally, we note that variants of these techniques apply to other arithmetically significant fields. For example, let E be a semistable elliptic curve over Q of prime conductor ℓ ≥ 11, and suppose that Q(ζ ℓ ) has an infinite Hilbert class field tower. By the above techniques, K E,ℓ has an infinite Hilbert class field tower. Further, K E,ℓ is unramified outside ℓ, and and by a well-known theorem of Mazur (see [7] ), we have Gal(K E,ℓ /Q) = GL 2 (Z/ℓ). Unfortunately, it is unknown if there exists an elliptic curve of conductor ℓ for infinitely many primes ℓ (though this is widely believed). Regardless, an examination of Cremona's tables of elliptic curves (see [2] ) shows that there are no elliptic curves with conductor 877 but that there exist elliptic curves with conductor 3547, the second prime provided in the discussion after Corollary 2.4. Thus we can find examples of elliptic curves to which this variant approach applies.
